A CHARACTERIZATION OF RIGHT COIDEALS OF 
QUOTIENT TYPE AND ITS APPLICATION TO 
CLASSIFICATION OF POISSON BOUNDARIES 



REIJI TOMATSU 



Abstract. Let G be a co-amenable compact quantum group. We show that 
a right coideal of G is of quotient type if and only if it is the range of a 
conditional expectation preserving the Haar state and is globally invariant 
under the left action of the dual discrete quantum group. We apply this result 
to theory of Poisson boundaries introduced by Izumi for discrete quantum 
groups and generalize a work of Izumi-Neshveyev-Tuset on SU q (N) for co- 
amenable compact quantum groups with the commutative fusion rules. More 
precisely, we prove that the Poisson integral is an isomorphism between the 
Poisson boundary and the right coideal of quotient type by maximal quantum 
subgroup of Kac type. In particular, the Poisson boundary and the quantum 
flag manifold are isomorphic for any g-deformed classical compact Lie group. 

1. Introduction 

Since Woronowicz introduced the axiomatic compact quantum groups [30] . 
they have attracted a growing interest of many researchers as a framework to 
describe new types of symmetries. In this paper, we study two typical examples 
of ergodic actions of compact quantum groups, namely right coideals and Poisson 
boundaries. 

Let G be a compact quantum group. A right coideal is a von Neumann sub- 
algebra of the function algebra on G which is globally invariant under the right 
translation action of G. Taking the fixed point algebra of a left action of a quan- 
tum subgroup gives an example of a right coideal. We say that such a right coideal 
is of quotient type. When G is an ordinary group, it is well-known that all the 
right coideals are of quotient type. However, when G is a quantum group, not 
all the right coideals are realized as quotients [IB], [IS], [23] • This fact presents a 
contrast between the quantum groups and the ordinary ones. 

Another difference occurs in behaviors of infinite tensor product actions. In 
the ordinary case, such an action is minimal and, in particular, the relative corn- 
mutant of the fixed point algebra is trivial. However, this is not the case for 
quantum groups. In [10] , Izumi has described this contrast by introducing the 
notion of a Poisson boundary of a dual discrete quantum group. More precisely, 
he has shown that the Poisson boundary is isomorphic to the relative commutant 
of the fixed point algebra. Moreover he has also studied the Poisson boundary 
of the dual of SU q {2) and shown a striking result that the Poisson boundary is 
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isomorphic to the standard Podles sphere L°°(T\SU q (2)) introduced in [IB] , [19|. 
On one hand, this result has led to a conjecture that the Poisson boundary is 
isomorphic to the quantum flag manifold for any g-deformed classical compact 
Lie group. For SU q (N), the conjecture was confirmed affirmatively in [12]. Note 
that a g-deformed classical compact Lie group is co-amenable, that is, the dual 
discrete quantum group is amenable in the sense of [3]. On the other hand for 
non-amenable cases, the Poisson and Martin boundaries [UJ of universal orthog- 
onal discrete quantum groups are studied in [25] and [26] . 

In this paper, we first characterize when a right coideal is of quotient type and 
second apply the characterization to determine Poisson boundaries of amenable 
discrete quantum groups with the commutative fusion rules. A right coideal of 
quotient type has the following two properties. The first one is the expectation 
property, namely, existence of a normal conditional expectation preserving the 
Haar state from the function algebra. The second one is the coaction symmetry 
which means that the left action of the dual preserves the right coideal. Assuming 
amenability of the dual, we can prove the following theorem (Theorem 13. 181) . 

Theorem 1. Let G be a co- amenable compact quantum group and B C L°°(G) 
a right coideal. Then B is of quotient type if and only if B has the expectation 
property and the coaction symmetry. 

Next we study a Poisson boundary of an amenable discrete quantum group. In 
order to compute a Poisson boundary, we present an approach which differs from 
that of [T2] . The key point of our proof is to construct an "inverse" of the Poisson 
integral. Although this strategy is the same as the one taken in [12], we do it 
by utilizing not the Berezin transforms but an invariant mean of a dual discrete 
quantum group. Then using Theorem 1, we show that the Poisson boundary is 
isomorphic to a right coideal of quotient type by a quantum subgroup. Moreover, 
we can specify the quantum subgroup which is the maximal quantum subgroup 
of Kac type with respect to inclusions. After this work was done, we learned 
from S. Vaes that the notion has been already introduced as the canonical Kac 
quotient in [20] • Our main result is the following theorem (Theorem 14.81) . 

Theorem 2. Let G be a co-amenable compact quantum group. Assume that its 
fusion algebra is commutative. Then the following statements hold. 

(1) There exists a unique maximal quantum subgroup of Kac type H. 

(2) The Poisson integral O: L°°(EI \ G) — >H°°(G) is an isomorphism. 

In particular, G is of Kac type if and only if H°°(G) = C. This yields the 
minimality of an infinite tensor product actions of G. For a g-deformed classi- 
cal compact Lie group G g , the maximal quantum subgroup of Kac type is the 
maximal torus T. Therefore, we obtain the following result (Corollary 14. lip . 

Theorem 3. Let G 9 be the g-deformation of a classical compact Lie group G. 
Then the Poisson integral O: L°°(T \ G g ) — >H°°(G q ) is an isomorphism. 
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Notations. Let M be a von Neumann algebra with predual M*. We denote by 
M+ the set of positive functionals in M*. For a linear functional 9 on M, we 
define a linear functional # by 9(x) = 9(x*) for x G M. For a weight on M, 
we set = {x G M \ 4>(x*x) < oo}, = n^n^. We denote by the set of 

positive elements in m$. For a linear subspace X C M, we denote by X the 
weak closure of X. We denote by ® the minimal tensor product for C*-algebras 
and the spatial tensor product for von Neumann algebras. 

2. Preliminaries 
We collect necessary results on compact (discrete) quantum groups. 

2.1. Compact quantum groups. 

Our standard references are P, [ID] . [30] . For the notion of a compact quantum 
group, we adopt the definition in [30l Definition 2.1] as follows: 

Definition 2.1. A compact quantum group G is a pair (C(G), 5&) which satisfies 
the following conditions: 

(1) C(G) is a separable unital C*-algebra. 

(2) The map S G : C(G) — > C(G) ® C(G) is a coproduct, i.e. it is a faithful 
unital *-homomorphism satisfying the coassociativity condition, 

(5 G (8> id) o(5 G = (id <g>5 G ) ° 5g- 

(3) The vector spaces 5 G (C(G))(C ® C(G)) and 5 G (C(G))(C(G) ® C) are 
dense in C(G) ® C(G). 

Let /i G be the Haar state on C(G) which satisfies the invariance condition, 

(id ®h G )(5 G (a)) = h G (a)l = (h G ® id)(5 G (a)) for all a G C(G). 

In this paper, we always assume that the Haar states are faithful. If the Haar 
state is tracial, we say that the compact quantum group is of Kac type [7]. Let 
(ir h , L 2 (G), lh) be the GNS triple of h G , which consists of the representation, the 
Hilbert space and the GNS cyclic vector, respectively. We always omit 7t h and 
regard C(G) as a C7*-subalgebra of _B(L 2 (G)). We set a von Neumann algebra 
L°°(G) = C(Gj w . 

The multiplicative unitaries V G and W G are defined by 

WZ{xi h ®yi h ) = 6 G (y)(xi h ®i h ) forx,yGC(G), (2.1) 

V r 6 (xi ft ®j/i ft )=<J 6 (a:)(ifc®yih) for x, y G C(G). (2.2) 
Then we have the pentagon equalities, 

(W G ) 12 (W G ) 13 (W G ) 23 = (W G ) 23 (W G ) 12 , (2.3) 

{V G ) 12 {V G ) 13 {V G ) 23 = {V G ) 23 {V G ) 12 . (2.4) 
Using them, we can extend the coproduct 5 G to L°°(G) by 

6 G (x) = V G (x ® l)V£ = W G (1 ® x)W G for x G L°°(G). 
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The normal state }ig(x) = (xih, l/i), x G L°°(G) is invariant under 8&. Since h& on 
C(G) has the modular automorphism group [30], Theorem 2.4], foe is also faithful 
on L°°(G). Then the pair (L°°(G),£ G ) is a won Neumann algebraic compact 
quantum group in the sense of [16J. 

Let H be a Hilbert space and v G B(H) <8> L°°(G) a unitary. If (id Cg)5 G ) (y) = 
^12^13; w e say that v is a right unitary representation of G. A left unitary repre- 
sentation is similarly defined. For example, the unitaries W<& and V& are left and 
right unitary representations, respectively. Let v G B(H) (g> L°°(G) be a unitary 
representation. Suppose that T G B(H) satisfies (T cg> l)i> = v(T (g> 1). If any 
such element T must be a scalar, v is said to be irreducible. Any unitary rep- 
resentation is completely decomposable, that is, it is a direct sum of irreducible 
ones. The set of the equivalence classes of all the irreducible representations is 
denoted by Irr(G). For it G Irr(G), we choose a representation Hilbert space H v 
and an irreducible representation v w = {v 7Ti -)ije/ T £ B(H W ) ® C(G). We call an 
irreducible representation 1 G C <g> L°°(G) the trivial representation and denote 
by 1 the equivalence class. 

We define a dense unital *-subalgebra 4(G) C C(G) by 

4(G) = span{-u 7r . J | i,j G 7r G Irr(G)}. 

It is clear that <5 G (4(G)) C 4(G) ® 4(G). We define the Hopf algebra structure, 
namely, the antipode k g and the counit e& on 4(G) as follows. The invertible 
antimultiplicative map k g : 4(G) — >A(G) is defined by 

KfcO^iJ = for i, j G Jtt, tt G Irr(G). (2.5) 

The unital *-homomorphism e G : 4(G) — >C is defined by 

ec^TT^) = &j for i, j G Itt, 7r G Irr(G). 

In fact A(G) is a Hopf *-algebra, that is, k g (k g (x)*)* = x holds for any x G 
4(G). For any finite dimensional unitary representation v G B(H) ® 4(G), we 
have (id<g)K G )(^) = f* and (id ®£ G ) (f) = 1, which follow from the complete 
decomposability of v. 

We introduce the Woronowicz characters {ff} z ec on 4(G) [3Q1 Theorem2.4]. 
The multiplicative functional ff: 4(G) — >C satisfies the following properties: 

(i) /o G = e G . 

(ii) For any a G 4(G), the function C 9 z h / z fi (a) G C is entirely holomorphic. 

(iii) (/g ® /J) o 5 G = /« +Z2 for any z 1; z 2 G C. 

(iv) For any z G C and a G -4(G), /f (k(o)) = /^(a), /f(a*) = /^(a). 

(v) For any a G 4(G), 4(a) = (/« ® id®/ G 1 )((5 G ® id)(<S G (a))). 

(vi) For any a, 6 G 4(G), /i G (a6) = /i G (6 (/f <g> id ®/ G ) ((5 G <g> id)(«J G (o)))) . 

The modular automorphism group {o" t G } teK is given by 

^0*0 = (/« ® fo®/^)((^ ® id)(5 G (^))) for allt G R, x G 4(G). 
We define the following map rf: 4(G) — > 4(G) by 

rf{x) = (/« ® id®/ G it )((5 G ® id)(5 G (z))) for aU t G R, x G 4(G). 
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Then {r G } 4e iR is a one-parameter automorphism group on A(G) and it is called 
the scaling automorphism group. Note that any element of A(G) is analytic for 
{a t hG } teR and {r G } teR . Define a map i? G : A(G) ->A(G) by 

R G (x) = kg(t? /2 (x)) for x G A(G). 

Then i? G is a *-antiautomorphism on A(G) with R G = id. We call R G the unitary 
antipode. Actually R& commutes with r G for all t 6 K, and it satisfies 

k g = R g o r G /2 = r G /2 o # G . 

Since the Haar state hg is invariant under the *-preserving maps crf G , r G and 
R G , we can extend them to the maps on C(G), moreover on L°°(G). Then the 
following relations among 5 G and them hold. 

h G o r G = h G = h G o R G , 5 G o af G = (af G <g> r G ) o 5 G , (2.6) 

<5 G o rf = (rf <g> r G ) o 5 G , 5 G o R G = (R G ® R G ) o 5° G P , (2.7) 
where <5 G p (x) = 5 G (x) 2 i- 

Let f G B(H) <S> A(G) be a finite dimensional unitary representation. Set 
F G = (id®/ G )(f). Then F G satisfies the following properties: 

(i) _F G is a non-singular positive operator on H. 

(ii) For any z G C, (id®/f)(v) = (F G ) 2 . 

(Hi) For any t G E, (id<g>r G )(w) = ((F®) u ® l>((F G )- i * <g> 1). 

(iv) For any t G R, (id®of G )(v) = ((F G )^ ® l)v((F®) u ® 1). 

(v) Let if G B(H W ) <g>A(G) be a finite dimensional unitary representation of G. 
If a linear map T: ift, -^H w satisfies (T®l)v = w(T®l), then TF„ = F W T. 

For 7T G Irr(G), we write _F G (or simply F^) for F^. Let Tr„- be the non- 
normalized trace on B(H n ). Set D n = Tr^i^). Then we have the orthogonal 
relations, 

We decompose W G and V G into irreducible representations. For n G Irr(G), we 
define two systems of matrix units {e niJ }i,j£i n and {f ni m B(L 2 (G)) by 

e KiA v Pk,^h) = $n, P 8j,ev Pk i h for k,£ G I p , p G Irr(G), (2.8) 

f^Mjh) = S n , p 6 hk v;J h for kjel p , pe Irr(G). (2.9) 
Then we have 

7rElrr(G) ije/^- 7r6lrr(G) 

Setting 7r = 1 at f)2.8p . we have 

ei {xi h ) = h G (x)l h for x G L°°(G). 

The projection ei = /i is minimal in B(L 2 (G)). 

We will need some relations among W G , V G and the modular objects of L°°(G). 
Let and J G be the modular operator and the modular conjugation of h G . We 
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define a conjugate unitary J G by J G (xlh) = R G (x*)lh f° r x £ C(G). We set a 
unitary C/ G = J G J G = JqJ&- The implementing unitary P G for r t G is defined by 
P G t (xlf l ) = rf{x)lh for t G R and x G L°°(G). Then the following equalities are 
directly deduced from (J2HJ, Q, (jZH]) and (Q. 

W G =(J G ® J G )WS(J 6 ® Jo), Vg =(J G ® J G )^(J G ® 4), (2.11) 

W G ={F* ® /£)W 6 (P£* ® V G ={Pg ® J£)V G W ® P G *<), (2.12) 

W G =(P G '®0^ G (P G ^®^), V G =(^ G ®P G ^)V G (Z\->P G *), (2.13) 

W G ={J G ®j G )(V G )* 21 {J G ®J G ). (2.14) 

We denote by L°°(G)^ n the set of lu G L°°(G)* which satisfies w^J = 0, 
i,j G Jjr all but finite elements ir G Irr(G). We simply write symbols by omitting 
G, if no confusion arise. For example, we write 5 for S G . 

2.2. Discrete quantum groups. 

The notions of a (dual) discrete quantum group have been studied in many 
papers, for example, [6], [16], [27], |29j and [31]. They have described essentially 
the same object. In this paper, we use a von Neumann algebraic quantum group 
presented in [T6] . 

Definition 2.2. A discrete quantum group is a quintuplet (M, A, (p, ip, e) which 
satisfies the following conditions: 

(1) M is a separable von Neumann algebra. 

(2) A:M->M®Misa coproduct, that is, it is a faithful normal unital 
*-homomorphism satisfying the coassociativity condition, 

(A ® id) o A = (id ®A) o A. 

(3) up is a faithful normal semifinite weight on M satisfying the left invariance, 

tp((co ® id)(A(x))) = u(l)(p(x) for all u G M+, x G m+. 

(4) ^ is a faithful normal semifinite weight on M satisfying the right invari- 
ance, 

^((id®w)(A(a;))) = oj(l)ip(x) for all u G M+, x G mj. 

(5) s is a normal counit, that is, it is a normal character on M satisfying 

(e <g> id) o A = id = (id <g>e) o A. 

In fact, those weights (p, ip are uniquely determined up to scalar multiplications 
and the counit e is unique. From now, we simply write (M, A) for (M, A, <p, ip, e) 
by omitting (p, ip and e once they are given. 

For a compact quantum group G, we construct the dual discrete quantum 
group as follows (see for example p], [IS]). We define the left group algebra and 
right group algebra by 

W W 

L(G) = {(lu ® id)(W G ) I w G L°°(G)*} , P(G) = {(id®u)(V G ) \ uo G L°°(G)*} . 
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By (12.101) . L(G) and R(G) are generated by {f^j} and {e^^}, respectively. 
Hence they are isomorphic to the von Neumann algebra direct sum of the matrix 
algebras { J B(i^ 7r )} 7r6lrr(G) . Set 

L(G) fin = {(Lu0id)(W G ) | u G L°°(G)f }, i?(G) fin = {(id®u)(V G ) \ lu G L°°(G)* n } 

They are algebraic direct sum of the matrix algebras. We note the commutant 
property L(G)' = R(G) = JL(G)J. We define a minimal central projection 
corresponding to n G Irr(G) by 1 T = f^a- I n particular, ei = li. We 

denote by L(G)^ n the subset of L(G)* which consists of lj G L(G)* such that 
^ifntj) — 0, i, j G I T all but finite elements n G Irr(G). 
We prepare the coproducts and Ar defined by 

A L (x) = W G {x ® 1)11 for x G L(G), 

A R {x) = V£(l <g> x)V G for x G i?(G). 
We define the normal counit e: L(G) — >C by 

i{x)e\ = xt\ for x G L(G). 

In fact, there exist left, right invariant weights on L(G) and R(G) [IB], and they 
are discrete quantum groups. Note that every discrete quantum group arises 
as the left (right) group algebra of a compact quantum group (see [TJ [IB] for 
duality theory). In this paper, we use the symbol G for the discrete quantum 
group (i?(G), A#). We simply write A G (or A) for A^ and Ar when it is not 
ambiguous. 

We define a positive operator F affiliated with L(G) by 

7rGlrr(G) i&Itt 

Using §ZM), for all i G E and x G A(G) we have 

F lt (xl h ) = (f_ lt ®id)(5(x))l h , JF lt J(xl h ) = (id®f it )(5(x))l h . 
Then we have 

A u = F -itj F itj^ pit = p-itjp-itj (2.15) 

The antipode 5* on L(G) is defined as follows. Since the map L°°(G)* 3 uj i— > 
(co> ® id)(W / G ) G L°°(G) is injective, we can define an invertible antimultiplicative 
map S: L(G) fin ^L(G) fin by 

S((u; <g> id)(W G )) = (w <8> id)(Wj) for all uj G L°°(G)f . 

We define the unitary antipode R and the scaling automorphism group {f t }tm. 
on L{G) by 

R(x) = Jx*J, r t (x) = F it xF' it for x G L(G), t G R. (2.16) 

Using (gH]) , (gZEJ) and (1235]) . we have 5 = Rof_ i/2 on L(G) fin . The relations 
among A, i? and f are as follows. 

AoR= (R® R) o A op , Aof t = (f t ®fi)oA. (2.17) 
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Take W G Irr(G) satisfying S(l„) = l w . Let L(G) fin ® L(G) fin -> L(G) fin be 
the multiplication map. We prove the well-known results for readers' convenience. 

Lemma 2.3. For any x G L(G) and 7r G Irr(G), one /ias 

li({id®S){ w A n {x))) = e(x)l w = fi((S ® id)( 7r A ?f (x))), 

where n A w (x) = A(x)(l n ® 1^). 

Proof. We prove /x((id ®5 , )(7fA 7r (x))) = e(rr)l^. Since vr A^(l p ) is non-zero for 
finite elements p G Irr(G), we may assume that x = (uj ® id) ( W&) , u G L°°(G)^ n . 
Then we have 

(id®5)( r A w (x)) = (id®^)^^ ® id)(W G ))) 

= (id®£)((w ® id® id) ((id ® y A 7r )(W G ))) 

= (id®5)((w® id®id)((H / G )i 2 (W G )i3(l ® 1*))) 

= (w ® id ® id)((w G )i2(w G )l 3 (i ® i r ® M). 

Hence 

p((id®£)(^A u (x))) =/x((w®id®id)((W6)i2(W G )J 3 (l®lr® M)) 
= (w®id)(W G WS(l®l r )) 
= u(l)l w = e(x)l w . 

Similarly we can prove (jl((S ® id)( 7r A 5r (x))) = £(a;)i^. □ 

Lemma 2.4. Let K be a Hilbert space and V G B(K) ® L(G) a unitary repre- 
sentation of (L(G), A), i/iai is, V is a unitary satisfying (id®A)(V) = V12V13. 
Then for any tc G Irr(G), one has 

(id®S)(V n )=V* w 

where V 7T = V{1® l w ). 

Proof. Set x = {uj ® id)(V) G L(G), G B(K)*. For any vr G Irr(G), we have 
(id ®S)( w A w {x)) = (id ®S) {{uo ® id ® id) ((id ® ?f A 7r )(V))) 

= (^®id®5)((V ?F ) 12 (V 7r ) 1 3) 

= (w ® id ® id) ((V r ) 12 (id ®£)(V 7r ) 13 ) 

By the previous lemma, we have /i((id ®S')(yA 7r (x))) = e(x)l. This implies 
(cj®id)(V^(id®5)(V^)) = uj{1) for any G Hence (id ®S)(y„) = V* w . □ 

2.3. Amenability. 

We recall the notion of amenability of a discrete quantum group. For a detail 
of the theory, readers are referred to [2], [3j, [3], [22j and references therein. A 
discrete quantum group (M, A) is said to be amenable if there exists a state 
m G M* such that m((uj ® id)(A(x))) = cu(l)m(x) for all ~- G M. and x e M. 
The state m is called a Ze/t invariant mean. It is known that (L(G),A^) is 
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amenable if and only if (R(G), A#) is amenable. If it is the case, we say that G 
is co- amenable. Note that the counit Eq is norm-bounded if and only if G is co- 
amenable [U Theorem 4.7], [221 Theorem 3.8]. The amenability is also equivalent 
to the universality of C(G), that is, for any C*-algebra B, any *-homomorphism 
a: A(G) — >B extends to a *-homomorphism a: C(G) — >B [3j Theorem 3.6]. 

2.4. Right G-action a and left G-action ft. 

We prepare two maps a: B(L 2 (G)) -> 5(L 2 (G)) <g> L°°(G) and/3: 5(L 2 (G))^ 
i?(G) ®£>(L 2 (G)) which will be frequently used in our study. A map a is defined 
by 

a(x) = V G (x <g> 1)VS for a; G 5(L 2 (G)). 
Then a is a right action of G on _B(L 2 (G)), that is, (a <8> id) o a = (id®£<G) ° a 
holds. The conditional expectation = (id®/i)oa maps _B(L 2 (G)) onto L(G) = 
{a; G _B(L 2 (G)) | a(x) — x ® 1}. The other one, /3 is defined by 

= ® x)K G for x G 5(L 2 (G)). 

Then /? is a left action of G on J B(L 2 (G)), that is, (id®/?) o /? = (A R ® id) o (3 
holds. We also call (3 a coaction of G. Note that both the actions a, ft preserve 
not only L°°(G) but also R(G). 

2.5. Right coideals. 

We introduce the notion of a right coideal. Our basic references for theory of 
right coideals are [11] and [23] . 

Definition 2.5. Let G be a compact quantum group. Let B C L°°(G) be a von 
Neumann subalgebra. We say that B is a n<?/i£ coideal if 5(5) C -B <g> L°°(G). 

A left coideal in L(G) is similarly defined. For a right coideal I? C L°°(G) and 
a left coideal C C L(G), we define 

B = B'(1L(G), d = C nL°°(G). 
We prove a quantum group version of [HI Theorem 4.6] as follows. 

Lemma 2.6. Let G be a compact quantum group. Let B C L°°(G) be a right 
coideal and C C L(G) a left coideal. 

(1) B C L(G) is a left coideal and C C L°°(G) is a right coideal. 

(2) The map B i— > B is a lattice anti-isomorphism between the set of right 
coideal of L°°(G) and left coideal of L{G). The inverse map is given by 
C^C. 

Proof. (1). It is similarly proved as in [Til Theorem 4.6]. 

(2). First we show that the map C i— > C is injective. Let C C L(G) be a left 
coideal. Then C' = (C n L°°(G))' = C V L°°(G)'. We can adapt the proof of 

- — ■ W 

[TT1 Theorem 4.6 (ii)] to deduce C = C L°°(G)' . Recall the right G-action a 
on £>(L 2 (G)) and the conditional expectation E a : B(L 2 (G)) — >L(G). We apply 
E a to JC'J = JCJL°°(G) . Since JCJ C JX(G) J C L(G) and the restriction 
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of E a to L°°(G) is the Haar state h, we have E Q (JC'J) = JCJ. Hence the map 
C i-> C is injective. Set S = C. Then S' n L°°(G) = C holds. The injectivity of 
the map C i— > C yields B = C. 

Next we show that the map B ^ B is injective. Let 5j C L°°(G), i — 1, 2 be 
right coideals. Then B{ = n L(G))' = B< V i?(G). Let S< x a G = 8{Bi) VC® 
i?(G) be the crossed product. Then we have W G (BiX s G)W£ = C® (B { VR{G)) = 
C <g> 5;. Hence S a = £? 2 if and only if B x x 6 G = B 2 G. Then the biduality 
theorem (see [TJ Theoreme 7.5] or [2U Theorem 2.6]) implies that it is equivalent 
to B 1 ® B(L 2 (G)) = B 2 ® B(L 2 (G)), and B x = B 2 . Hence the map B ^ B is 
injective. □ 

2.6. Quantum subgroups. 

For the definition of quantum subgroups, we follow that of [HI] , in which matrix 
pseudogroups [23] are treated. 

Definition 2.7. Let G and H be compact quantum groups. 

(1) Suppose that there exists a surjective *-homomorphism re: A(G) — >A(H) 
such that 5h ?"h = ( r H <8> re) Then we say that the pair {H, re} is 
an algebraic quantum subgroup of G. 

(2) Suppose that there exists a surjective *-homomorphism r a : C(G) — >C(M) 
such that 5h t h = (r K <8> r H ) o 5<&. Then we say that the pair {H, rn} is 
a quantum subgroup of G. 

In the above cases, the map is called a restriction map. We present basic 
properties on (algebraic) quantum subgroups in the following lemmas. Those are 
probably well-known for specialists, but we prove them for the sake of readers' 
convenience. 

Lemma 2.8. Let G and H be compact quantum groups. 

(1) If {H, re} is a quantum subgroup of G, then it is an algebraic quantum 
subgroup ofG. 

(2) Suppose G is co-amenable. Then any algebraic quantum subgroup of G is 
naturally regarded as a quantum subgroup. 

Proof. (1). Let tt G Irr(G). Then (id®r H )K) G B{H n ) <g> (7(H) is a finite 
dimensional unitary representation of H. Hence it is a finite direct sum of ir- 
reducible representations of H. This implies (id ®rM)(v n ) G B^H^) <g> A(H). 
Hence rg,(A(Q)) C A(H). Next we show the converse inclusion. Take any 
p G Irr(H). Let w p G B(K p ) £g> A(H) be a corresponding irreducible unitary 
representation. Consider the bounded linear map 6: (7(G) — > B(K P ) defined by 
= (id ®/ie)(w*(l (g) re(x))). Since re is surjective, # is a non-zero map. By 
density of A(G) C (7(G), There exists tt G Irr(G) such that (id ®6)(v n ) ^ 0. 
This shows that the unitary representation (id ®r H )(t> 7r ) contains w p . Hence all 
the entries of w p are contained in r H (A(G)), and A{M) C r H (v4(G)). 

(2). Let r^: A(G) — *A(H) be a restriction map. Since (7(G) is universal, the 
map extends to r^'- (7(G) — >C(M). The image contains a total subspace A(H) in 
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C(H), and r a is surjective. By continuity of re, the relation S^or jj = (rH<8>re)°#G 
holds on C(G). Hence {H, r H } is a quantum subgroup of G. □ 

Lemma 2.9. Let {H, re} 6e an algebraic quantum subgroup o/G. On A(G) 7 
(%) £ H or H = e G; 

f2j rf o r H = r H o r t G /or a// i G R, 
i? H o r H = r H o R G . 

Proof. (1). Take any 7r G Irr(G). Since (id ®rm) (v n ) is a unitary representation 
of H, (id®e H ° na)^) = 1 = (id<8)£G)(^7r)- This implies e H o r H = e G . 

(2) . Take any n G Irr(G). Since (id ®r^)(v n ) is a unitary representation of H, 
(id®K H o r H )(f,r) = (id^rn)^)* = (id<g>r H o /c G )(i>„.). This implies r H o k g = 
Km ° rjj. Since k g = r^j and /cjg = r^, we have re ° r5j = o re- Let 7r G Irr(G) 
and set u> = (id®ru)(v n ). Then we have 

(F W G ® l)*u;((F.f) _1 ® 1) =(id®r H ) ((F„ G ® lK^)" 1 ® 1)) = (id®r H o r^)K) 

=(id(g)r? i o nH )K) = (id(8)7^)H 

=(^®iM(^ _1 ®i)- 

This shows A:^ := (F^) _1 F^ G B(H W ) is an intertwiner of u>, and in particular, 
= A^F^ holds. Hence Ff = F^k^ = k n F^. Since the positive operators 
F G and (F^) -1 commute, k w is positive. In particular, we have F% = (F^) %t k^ 
for all t G M. Hence for any 7T G Irr(G), we have 

(id®r H o r t G )K) = (id®r H )(((F G f ® ® 1)) 

= ((F G f®l)«;((F G )- l '®i) 

= (id ®rf)H 

= (id®r t H or H )K). 

Therefore the desired relation holds. 

(3) . It follows from r^ o k g = n a o r H and (2). □ 

Let {H, rn} be an algebraic quantum subgroup of G. Since W G (1 <g> 1^) G 
A(G) ® L(G)l n for any 7T G Irr(G), we can define a left unitary representation of 
H, (r H ® id)(W G ) G L°°(H) ® L(G) by 

(m(8)id)(WG) = ^ (r H ®id)(W G (l® I*)). 

7rGlrr(G) 

Lemma 2.10. Let G and EI be compact quantum groups. 

(1) Assume that {H, re} zs an algebraic quantum subgroup of G. Tnen iaere 
exists a faithful normal unital *-homomorphism r^: L(H) — > L(G) snca 

(id®0(W H ) = (r H <8> id)(W G )- 
11 



(2) Assume that there exists a faithful normal unital *-homomorphism 
l: L(M) ->L(G) such that 

A G o l — (t ® t) o A H . 

JTien i/jere exists a restriction map r^: A(G) — >A(M) such that i = r H . 

Proo/. (1). Since the map L°°(EI)* 3 uj i-> (a; ® id) (We) G L(H) is injective, we 
can define a linear map r^: L(H) fin — >L(G) by 

r£((w ® id)(W H )) = (w ® id)((r H ® id)(W G )) for cj G L°°(H)f . 

It is easy to verify the multiplicativity of r^ by the pentagon equalities (12. 3p on 
and Wq. We show that r^ preserves the involutions. Take any uj G L°°(EI)^ n 
and it G Irr(G). Using the equality r H o k g = k h o r H , we have 

r£((w ® id)(W H ))*(l ® U) = ((w ® id)((r H ® id)(W G )))*(l ® l w ) 

= (o;orft<8)id)(WS(l® 1^)) 
= (Uo r H <g> id) ((k g ® id)(W 6 )(l ® 10) 
= (cJo k h <g> id)((r H <g> id)(W G )(l ® l w )) 
= r H ((uToft H ®id)(W H ))(l® l w ) 
= r* I (((o;®id)(W H ))*)(l®l 7r ). 

Hence r^ is a *-homomorphism. Since L(H) is a von Neumann algebra direct 
sum of {5(if p )} pe i rr (e), the map r H extends to a normal *-homomorphism from 
L(H) to L(G). Then the desired equality holds. We show that r^ is unital. Take 
any tt G Irr(G) and p G Irr(H). Let be the multiplicity of p in the unitary 
representation (re <8> id)(W G (l <8> Itt))- Then the map r^ : L(H)l p — >L(G)l,r is the 
iV£, times amplification, and is unital. Since re is surjective, is injective. 

(2). Since the linear map L(G)* 9 u; h- > (id ®u;)(W / g) G L°°(G) is injective, we 
can define a linear map r^: A(G) — >A(H) by 

r M ((id®cu)(W G )) = (id ®uj o t)(W m ) for G L(G)f . 

First we show that re is multiplicative. Take any uj,9 G L(G)^ n . Then (c<j <g> 6) o 
A G G L(G)f, and 

rH((id®w)(W 6 )) r H ((id<g>fl)(W G )) = (id ®uj o t) (W H ) (id ®0 o t)(W H ) 

= (id ®cj o fc ® o 0((W / e)i 2 (W / H )i3) 
= (id ®uj o t ® 9 o t )((id (g>A e )(W / H )) 
= (id ®uj ® 6) ({id® A G )({id® L)(W m ))) 
= r m ((id®(uj® 6) o A G )(W G )) 
= rH((id®w)(W 6 )(id®0)(WG)). 

Next we show re preserves the involutions. Let 7r G Irr(G). Take c<j G L(G)^ n 
such that uj is equal to zero on B(H p ) if p ^ 7f. Since A G ot = (i®()oA, 
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(id ®t) (W"h) is a unitary representation of the discrete quantum group (£(G), A). 
Set V = (id ®i)(W M ). By Lemma [H we have (id®5)(V 7r ) = Vt. Then 

r M ((id(g)Lu)(W G )y =((id®woi)(Wk))* = (id ®uJ o l) ( W£) 

= (id®5;)(V*) = (id®cJo£)(V w ) 

= r H ((id®EJo 1 S)((^ G ) 7r )) =r H ((id®EJ)((^ G );)) 

= r H (((id® W )(lf G ))*). 

By taking summations on u, we see that the above equality holds for any uo G 
L(G)^ n . Hence rjj is a unital *-homomorphism. Let \i G L(M)^ n . Then there 
exists // G L(G)^ n such that // = fx o i. Then we have r H ((id ®/i)(W' G )) = 
(id®/i)(W / e)- Hence rn is surjective. Finally we show that rn is a restriction 
map. Let u G L(G)f . Then 

5 H (r H ((id®c«;)(H / G ))) =5 m ((id®u o t)(Wk)) 

= (id® id ®w o t ) ((W H ) 13(^)23) 

= (r H ® r H ) ((id ® id <g>cu o 0((W / g) 13(^0)23)) 

= (r H ® r H ) o 5 G ((id(g>u;)(W / " G )). 

Hence {H, rn} is an algebraic quantum subgroup of G. It is clear that 1 = by 
definition of rn. □ 

On heredity of co-amenability to quantum subgroups, we have the following 
lemma. 

Lemma 2.11. Let G be a compact quantum group. Then the following statements 
are equivalent: 

(1) G is co-amenable. 

(2) Any quantum subgroup of G is co-amenable. 

(3) There exists a co-amenable quantum subgroup o/G. 

Proof. The implication (2) to (3) is trivial. Suppose (3) holds. Let {H, r^} be a 
co-amenable quantum subgroup. Then e G = e H o r H is bounded, and (1) holds. 
We have to show that (1) implies (2). Let {H, r H } be a quantum subgroup of 
G. By the previous lemma, there exists an embedding map r^: L(H) — > L(G) 
preserving the coproducts. Let m G L(G)* be a left invariant mean. Then the 
state m o rjj G L(H)* is also a left invariant mean on L(H). Hence the discrete 
quantum group (L(H), A) is amenable, and HI is co-amenable. □ 

Let {H, rn} be a quantum subgroup of G. We define a map 7e: C(G) — > 
C(H) ® C(G) by Tk(aO = (r H ® id)(5 G (x)) for a; G C(G). Then 7h is a left action 
of HI on C(G), that is, 7e satisfies (id®7e) 7h = (<5m ® id) 7h- We set the 
fixed point algebra C(H \ G) = {x G C(G) | 7h(^c) = 1 <£> x}- Since the action 7^ 
preserves the Haar state of G, it extends to an action on L°°(G). We denote the 
fixed point algebra by L°°(HI \ G) as well. Then L°°(HI \ G) is the range of the 
conditional expectation Em = (km <S> id) o 7h . 
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We often identify L(H) with the subalgebra of L(G) via the inclusion map 
r^: L(H) — >L(G) defined in Lemma [2.101 By the identification, we have = 
(r M ®id)(W G ). Similarly, we can do R(E) C R(G) and (id®r H )(Vfc) = V m . Then 
the left action of H on L°°(G) is given by 7 H (x) = W^{1 <g> z)W H for x G L°°(G). 

Lemma 2.12. In the above setting, one has 

L{uy n l°°(G) = L°°(e \ G), l°°(h \ G)' n L(G) = l(h). 

Proo/. By definition of r H , x G L(M)'nL 00 (G) if and only if W&(l®x)Wn = l®x. 
It is equivalent to x G L°°(H\G). Hence L(H)'rU°°(G) = L°°(H\G). By Lemma 



Lemma 2.13. Let {H, re} and {K, tr} 6e quantum subgroups o/G. Assume that 
L°°(U \ G) = \ G). T/ien i/jere exists a * -isomorphism 6 : (7(H) -> C(K) 

sttc/i t/ia£ r K = ^ o n on (7(G). 

Proof. By the previous lemma, we have rjj(L(H)) = r^(L(K)). Applying Lemma 
12.101 to left group algebra r^(L(H)), we have a ^-isomorphism 6 1 : (7(H) — >(7(K) 
such that (0®id)((id®rk)(W H )) = (id ®r l K ) (W K ) . This implies (0or H ®id) ( W G ) = 
(r K <g> id)(W K ), and r K = 6» o r H on (7(G). □ 



Definition 3.1. Let 5 C L°°(G) be a right coideal. We say that 

(1) B is of quotient type if there exists a quantum subgroup {H, re} of G such 
that B = L°°(H\G), 

(2) B has the expectation property if there exists a faithful normal conditional 
expectation Eb '■ L°°(G) -^B such that h o .Eg = h, 

(3) .B has the coaction symmetry if /3(5) C R(G) <8> S. 

Typical examples of right coideals are given by taking quotients. In fact, they 
have the expectation property and the coaction symmetry as follows. 

Lemma 3.2. A right coideal of quotient type has the expectation property and 
the coaction symmetry. 

Proof. Let {H, r H } be a quantum subgroup of G. Set B = L°°(H \ G). It is easy 
to see that the conditional expectation E B preserves the Haar state h. Next we 
verify the coaction symmetry. Let x G (7(H \ G). Then we have 



(id®j u )((3(x)) = (id®(r H <g> id) o 8)(p(x)) 

= (id®(r H ®id) o 8)(V£(1 ® x)V G ) 

= (id®r H ® id)((V G )UV G )* 12 (l ® 5(x))(V G ) 12 (V G ) 13 ) 

= (Vg)UVm)* 12 (1 ® 1 ® 2;)(V h )i 2 (Vg)i3 

= (y G )* 3 (i® i®x)(y G )i3 

= /3(x) 13 . 




□ 



3. Right coideals of quotient type 
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Hence (3{x) G R(G) ® L°°(H \ G). By weak continuity of /3, p(L°°{M \ G)) C 
#(G) ®L°°(H\G). □ 

In fact assuming the co-amenability G, We prove the converse statement of the 
previous lemma in Theorem 13.181 

Let B C L°°(G) be a right coideal. We denote by L 2 (B) the norm closure of 
the space Blh- Assume that B has the expectation property, that is, there exists 
a conditional expectation E B '■ L°°(G) —>B such that Eb preserves the Haar state 
h. Define the Jones projection e B : L 2 (G) -^L 2 (B) by 

e B {xl h ) = E B (x)l h for x G L°°(G). 

Let B C L°°(G) C L°°(G) V {e B }" =: B x be the basic extension. The main 
properties of e B are as follows (see [131 Lemma 3.2] and [2TJ p. 312]). 

Lemma 3.3. With the above settings, one has 

(1) e B xe B = E B (x)e B for x G L°°(G) ; 

(2) B = L°°(G) n {e B }', 

(3) Je B = e B J, A%e B = e B Af for all t G R, 

(4) B x = JB'J. 

Set B — B' H L(G). Then B is a left coideal of L(G) as is shown in Lemma 
12.61 The following lemma is proved in [TTI Theorem 4.6], which treats the Kac 
algebra case. The proof can be adapted to the quantum group case. 

Lemma 3.4. With the above setting, one has 

(1) e B G B, 

(2) 8{E B {x)) = (E B <g> id)(6(x)) for all x G L°°(G), 

(3) B' n L°°(G) = B. 

Proof. (1). Since B is a right coideal, we see that V G (L 2 (B) ® L 2 {&)) C L 2 (B) ® 
L 2 (G). Hence Vb(e B ® 1) = (e B ® ljvbCefl ® !)• Since (J ® J)Vb(J ® J) = l£ 
and Je B J = e B , V G (e B <g> 1) = (e B (g> 1)V 6 - Hence e B e B' n L(G) = £. 

(2) . Let x G L°°(G). Since e B G L(G) and Vb G i2(G) ® L°°(G), we have 

(£ B ® id)(5(a;))(e B ® 1) = (e B ® l)<f(ar)(e B ® 1) = (e B ® 1)Vg(3 ® l)Vo( e B ® 1) 

= V G {e B ®l)(x® l)(e B ® 1)VS = V r G (^ B (x)e B ® 1)K G * 
= V G {E B {x)®l)V^{e B ®l) 
= 5(E B (x))(e B ®l). 

In particular, we have 5(E B (x))(lh®ih) = (^B®id)(5(a;))(lfc,® 1^). Since l h <gil h 
is a separating vector for L°°(G) ® L°°(G), we have 5(E B (x)) = (E B ® id)(5(x)). 

(3) . It follows from Lemma [2To1 or the direct argument as follows. It is clear that 
B C B' n L°°(G). Since e B G 5 and B = {e B }' n L°°(G), B = B' D L°°(G). □ 

Next we consider a relation between B and Let a be the right G-action 
a on S(L 2 (G)) defined in §2.41 Since e B <8> 1 commutes with Vg, -Bi is globally 
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invariant under the right action a. Let X be a globally invariant subspace in B\. 
The set of the fixed point elements of X under a is denoted by X G . Note that 
X G = Xf] L(G) holds. 

Lemma 3.5. The following equalities hold: 

(1) R{e B ) = e B . 

(2) (e B ® l)Wg(l ® e B ) = WS(e fl ® e B ). 



(Sj 5 = JBp J = C + J(L°°(G)e B L°°(G)) G J . 

Proof. (1). Since e B = e B and Je# = e B J, we have R(e B ) = Je* B J = e B . 

(2) . Take any 1,1/6 L°°(G). Then we have 

(e B ® ® e B )(xi h ® = (e B ® l)W^(xi h ® £ B (2/)i fc ) 

= (e B ®l)(<f(£ B (j/))a;i h ® h) 
= 5{E B {y)){E B {x)i h ®l h ) 
= W^{e B ®e B ){xi h ®yi h ). 

Hence the desired equality holds. 

(3) . Since B x = JB'J and JL{G)J = L(G), we have 

JBJ = J(B' n L(G))J = JB'J n JL(G)J 
= B x n L(G) = £?. 



By Lemma [3.41 the *-subalgebra L°°(G) + L 00 (G)eBL 00 (G) is weakly dense in 
Bx. Hence we have Bp = C + (L°°(G)e B L°°(G)) G W . □ 

Lemma 3.6. One /ias 

(A(G)e B A(G)) G = {(id®w)(A(e B )) | G L(G)f }. 

Proof. Let 7r, cr G Irr(G), 2, j G and k,£ E l p . Then 

E a {y^e B v* pkt ) = (id®h)(a(v„ i .e B v* p J) 

= J2 v ^BV* Pktn h(v nmd v; n j 



p 



Hence 



(A(G)e B A(G)) G = spanj ]T v nim e B v* km | z, & G / w ,tt G Irr(G)}. 

Using the description of Hq in (12.101) . we have 
A(e B )(l®l ff )= ^ 

16 



Hence 

{A{G)e B A{G)f = {(id®u)(A(e B )) \ u G L(G)f }. 



□ 



Lemma 3.7. One has Bf = (L 00 (G)e B L 00 (G)) G 



Proof. By Lemma 13.51 it suffices to show that the unit of B\ is equal to that of 
(L co (G)e B L co (G)) G . Let p G -Bf be the unit of the von Neumann subalgebra 
generated by (L 00 (G)eBL oc (G)) G . Set q — l—p. Then by the previous lemma, 
we have A(e B )(q ® 1) = 0. Since R(e B ) = e B by Lemma 13751 we have 

(1 ® R(q))A(e B ) = (1 <g> R(q))A(R(e B )) = (1 ® %))(£ <g> R)(A op (e B )) 
= (R®R)(A op (e B )(l®q)) = 0. 

The equality A(e fl ) = W 6 (e B ® yields (1 ® £(g))W G (eB <8) 1) = 0, and 

(£ B <g> id)(W£(l ® £(g))W G ) = 0. Since E B is faithful, we have q = 0. □ 

Lemma 3.8. One has 



5^ = {(id®u;)(A(e B )) |uei(G),} , = {(a; ® id)(A(e B )) | w G £(G) *} . 

Proof. The left equality follows from Lemma 13.61 and the previous lemma. Take 
uo G L(G)*. By (12.171) and Lemma [3. 5 [ we have 

J{id®uj)(A(e B ))J = (id®ZJ o R)((R(g) R)(A(e B ))) = (ZJ o R ® id)(A(e B )) 

Hence the right equality holds since B = JBfJ. □ 

To construct a left invariant weight on B, we make use of theory of spatial 
derivatives and operator valued weights which have been introduced in [5], [8] 
and [9]. Readable explanations on them are presented in [2] and we freely use 
the notations there. Let Eg 1 : B' — ► L°°(G)' be the operator valued weights 
associated with E B : L°°(G) — >.B. It is characterized by the following equality on 
spatial derivatives: 

dJ o E B l = du' ^ 
du du o E B ' 

where uj' and to are faithful normal semifmite weights on L°°(G)' and B, re- 
spectively. The equality E^ 1 (e B ) = 1 holds [13], Lemma 3.1]. We define the 
*-subalgebra B of B by 

B = J(A(G)e B A(G)) G J = {(cu ® id)(A(e B )) | G B(G)« n }. (3.2) 

Lemma 3.9. T7ie operator valued weight E^ 1 is finite on B . In particular, E^ 1 
is semifinite on B. 
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Proof. Set a unitary Wq = ( J ® J)(W / G )* 1 (J ® J) G L(G) ® L°°(G)'. Then for 
any x G L(G), we have 

® z)Wg = (J ® J)(W G ) 21 (1 ® Ja;J)(iy G ); i (J ® J) 

= (J <g> J)(W G ) 2 i(l ® ^(x*))(W G ); i (J <g> J) 

= (J® J)A( J R(;r*)) 21 (J® J) 

= (£® £)(A(i?(x)) 2 i) 
= A(x). 

Now take a positive functional u G L(G)^ n . Then by L°°(G) / -linearity of Eg 1 , 
we have 

E b \{uj ® id)(A(e B ))) = ^((o; ® id)(Wg(l (9 e fl )W e )) 

= (u®id)(W^l®E B \e B ))W & ) 
= cu(l) < oo. 

Hence E B l is finite on B . □ 

Define a state h! G L°°(G)' by fc'(x) = h(Jx*J) for x G L°°(G)'. Set a faithful 
normal semifinite weight ip = hi o .E^ 1 on S'. We denote by the restriction 
on Z?. 

Lemma 3.10. The modular automorphism group {o~t B }tm preserves B . 
Proof. By (13.11) . we obtain 

dip _ dh 1 o E B l __ dh' _ dh' _ a 
dfo B d/i| B dh\ B ° Eb dh h 

Hence of = AdZ\~** on B' . Since AdZ^ 4 ' = f< on L(G) by (12TT5]) and fl2TTfi]) . 
the von Neumann subalgebra B G B' is globally invariant under of. Hence 
of- 8 = of |^ = f t \§ by uniqueness of the modular automorphism group. Since e B 
commutes with A~ u , f t (e B ) = A h u e B Af = e B . Then for any lu G L(G)^, 

a? s {(u <g> id)(A(e B ))) = f t ((o; <g> id)(A(e B ))) = (w o f_ t <g> id)(A(e B )) 

by fl2T7D and f t (e B ) = e B . By definition of B we have a^ s {B Q ) C B . □ 

By previous lemma, the following push-down lemma is proved in a similar way 
to [IH Proposition 2.2]. 

Lemma 3.11. For any x G e B x = ee-E^ 1 (e B x) holds. 
Lemma 3.12. One has {A{G)e B L°°{G)) G = (A(G)e B A{G)) G . 

Proof. It suffices to show {L 00 {G) n e B L 00 {G)) G C L 00 {G) 7T e B L 00 (G)* n , where 
L°°(G) 7r is the linear span of {i^ }i t jei n - Take any x G L°°(G). Then 

E a (v^.e B x) = 52v Viih e B (id®h)((l®v irkij )6(x)) G L oc (G) 7r eBL oc (G)*, 
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because (id<g>/i)((l ® G L°°(G); for any x G L°°(G). □ 

Lemma 3.13. The weight tpg is left invariant, that is, for any x G rn ips and 
u G L(G)* ; one has 

(u ® v?b)(A(x)) = w(l)^g(:r). 

Proo/. Take G L(G)^ n and set x = (9 ®id)(A(e B )) G .Bo. By using the proof of 
Lemma [3. 9 [ we have E^ 1 (x) = 9(1). Then for any cu G L(G)*, 

(u ® y^)(A(*)) = (u, ® h! o ® x)Wq) 

= (u J ®ti)(Wi(l®E B 1 (x))W^) 
= w(l)0(l) 
= w(l)<p s (x). 

Hence on B , the left invariance holds. 

Take a bounded sequence {w n }„ gN in B which strongly converges to 1. Let 
y G n Vs . Then by Lemma 13.111 u n y G J(A(G)eBL°°(G))J for each n G N. 

Since Jw n ?/J G J5J = Bp, we see that u n y G J(A(G)e B L°°(G)) G J. Using 
Lemma [3. 121 we see that u n y G J(A(G)esv4(G)) G J = B . Hence for any positive 
uj G L(G)*, we have 

(w ® ip s )(A(y*u* n u n y)) = u(l)(p s (y*u* n u n y). (3.3) 

Taking the limit as n — > oo in (13.31) . we have 

(u <g> <p s )(A(y*y)) < lim (u <g> <p s )(A(y*u* n u n y)) 

= lim u(l)(p s (y*u* n u n y) 

n— >oo 

= w(l)yj 5 (y*y) < oo. 

In particular, the map igBh (u;®</?g)(A(2/*;ry)) is a normal functional. Hence 
again taking the limit as n — > oo in fl 3 . 3 j) . we have 

(w ® <p§)(A(y*y)) = u(l)(p s (y*y). 

Therefore y?^ is left invariant on m^. □ 

We summarize our arguments as follows. 

Theorem 3.14. Let B C L°°(G) fre a ng/ii coideal. If B has the expectation 
property, then the left coideal B has a left invariant faithful normal semifinite 
weight for the left action of L(G). 

Next we study a right coideal of G endowed with the coaction symmetry. 

Lemma 3.15. Let B C L°°(G) be a right coideal. Then B has the coaction 
symmetry if and only if A(B) C B ® B . 
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Proof. We know A(B) C L(G) ®B. Let x G B and y e B. Then we have 
A(y)(x®l) =W G (y® l)W£(x® 1) 

= (1 <g> t/ G )(V r G ) 2 i(l ® EfcXl/ ® 1)(1 ® C/ g )(^g);i(1 ® £/c)(a; ® 1) 
= (1 <g> l7 6 )(V G ) 21 (y ® l)/^)^)*^ ® C/ G ) 

and similarly 

(x ® l)A(y) = (1 ® ^ G )(V r 6) 21 /3(ar)2i(y ® l)(Vfe)^ 1 (l ® C/ G ). 
Hence A(B) C £?®i? if and only if /3(B) C i?(G)®( J B / nL 00 (G)) = R(G)®B. □ 

Set a weight ifjg = <p B °R on 5. Using (j27T7j), we see that ipg is right invariant. 
Therefore (B, A) is a quantum group in the sense of [16J. Clearly the restriction 
£ | is a normal counit on B. Hence (B, A) is a discrete quantum group. The 
counit i\g is given by cutting elements at the Jones projection e B as follows. 

Lemma 3.16. TTie equality xe B = e(x)e B = e B x /jo/g?s for all x £ B. In 

particular, the Jones projection e B is a minimal central projection of B. 

Proof. By Lemma 1331 (e B ® 1)W G (1 ® e B ) = W^(e B ® e B ). Then we have 

A(e fl )(l ® e B ) = W G (e B ® 1)W£(1 ® e B ) = e B ® e B . 
Taking the adjoint of the above equality, we have 

A(e B )(l ® e fl ) = e B ® e B = (1 ® e B )A(e B ). 
Take any u G L(G)* and set x = (u ® id)(A(e B )). Then we have 
xe B = (w ® id)(A(e B ))e B = (u ® id)(A(e B )(l ® e fl )) 
= (a; <g> id)(e B ® e B ) = uj(e B )e B = i(x)e B . 

Similarly we obtain e B x = i(x)e B . Then the desired equality holds for all x G B 
by Lemma 13.81 □ 

We summarize our arguments as follows. 

Theorem 3.17. Let B C L°°(G) be a right coideal. If B has the expectation 
property and the coaction symmetry, then the pair (B, A) is a discrete quantum 
group. 

Under assumption on co-amenability, we obtain the following characterization 
of right coi deals of quotient type. 

Theorem 3.18. Let G be a co-amenable compact quantum group and B C L°°(G) 
a right coideal. Then B is of quotient type if and only if B has the expectation 
property and the coaction symmetry. 

Proof. We have already proved the "only if" part in Lemma 13.21 So, it suffices 
to show the "if" part. By the previous theorem, (B, A) is a discrete quantum 
group. Let H = (C(H),5h) De a compact quantum group such that the discrete 
quantum groups (L(W),Ag) and (B,A) are isomorphic. We identify B with 
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L(W). By Lemma \2. 101 HI is represented as an algebraic quantum subgroup of G, 
that is, there exists a restriction map r H : A(G) — >A(H) such that r^: £>— >L(G) 
is a given inclusion. Moreover by Lemma 12.81 {H, rjj} is in fact a quantum 
subgroup of G. By Lemma 12.121 and Lemma 13.41 we have B = B' n L°°(G) = 
L(H)'nL°°(G) =L°°(H\G). □ 

4. Application to classification of Poisson boundaries 

In the rest of this paper, we determine the Poisson boundary for a co-amenable 
compact quantum group with the commutative fusion rules. We also compute 
the Poisson boundary for a g-deformed classical compact Lie group. 

4.1. Poisson boundaries. 

We briefly recall the notion of the Poisson boundary for a discrete quantum 
group. We refer to [TU], [T2] and [T7| for definitions of terminology. 

Let </v G B(Hn)* be the right G-invariant state. Define a transition operator 
P,r on R(G) by P^ix) = (id <S>4> n )(A R (x)) for x G R(G). For a probability measure 
H on Irr(G), we set a non- commutative Markov operator 

p,= ^)p«- 

7rGlrr(G) 

Then for a generating measure /i, we define an operator system 

#°°(G,P M ) = {xe R(G) | P^x) = x}. 
It has the von Neumann algebra structure defined by 

x ■ y = lim P;(xy) for x,y & H°°(G, PJ, 

where the limit is taken in the strong topology [10J Theorem 3.6]. The von 
Neumann algebra H°°(G, P M ) is called the (non-commutative) Poisson bound- 
ary of {i^G^P^}. Assuming that the fusion algebra of G is commutative, we 
know that the Poisson boundary does not depend on the generating measure [i~2| 
Proposition 1.1], that is, we have 

H°°(G, = {xe RiG) | P w (x) = x for all tt G Irr(G)}. 

We are interested only in such a compact quantum group, so we write simply 
H°°(G) for H°°(G, Pp). The Poisson integral 6: L°°(G) —>R(&) is defined by 

Q = (id®h)o/3, (4.1) 

which maps L°°(G) into H°°(G) ^TUi Lemma 3.8]. It is G-G-equivariant in the 
following sense: 

aoQ = (6(g) id) o 6, A R o = (id ®Q) o (3. 

Now we consider how the inverse map of G can be constructed. That will 
be written as a similar form to (14.11) . that is, a and some state u on R(G) will 
take the place of (3 and h, respectively. Then we consider the map R(G) 9ih 
(o;®id)(a(x)) G L°°(G). The inverse of 9 (if it exists) should be G-G-equivariant 
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as G is. Here, we have to realize what property of h derives the bi-equivariance of 
in the proof of [TUJ Lemma 3.8]. While the G-equivariance follows by definition 
of the left action, the G-equivariance does by right invariance of h. Hence the 
state uj has to satisfy the left invariance for the coproduct A#. 

From now we assume the amenability of (R(G), A R ). Let m G R{G)* be a left 
invariant mean. Although m is non-normal in general, we can consider a unital 
completely positive map m <8> id: R(G) <8> M — >M for any von Neumann algebra 
M. Indeed for any x G R(G) <8> M, we define an element (m ® id)(x) G M = 
(M*)* by uj((m <8> id) (a:)) = m((id ®a;)(z)) for w G M*. Let M and N be von 
Neumann algebras and T ': M — * N a normal completely bounded map. Then 
(m <S> idjv) o (id <8>T) = T o (m <S> idjw) holds. Here we need to assume the normalcy 
of T. In particular, we have (m ® id) ((1 (8> a)x(l <8> b)) = a(m ® id)(a;)6 for all 
s G i?(G) <g> M and a, 6 G M. 

Now define a unital completely positive map A: R(G) ^L°°(G) by 

A(x) = (m ® id)(a(x)) for x G i?(G). 

It turns out that A is normal on the Poisson boundary H°°(G) in the next lemma. 
Moreover by Theorem 14.81 we will see that A is actually equal to 0* defined in 
[T2] . This means that A does not depend on the choice of an left invariant mean. 

Lemma 4.1. The following statements hold. 

(1) ho A = e on H°°(G). In particular, A is a faithful normal map. 

(2) A is G-G-equivariant, that is, 

5 o A = (A <g> id) o a, (3 o A = (id <g>A) o A R . 

Proof. (1). Since the fusion algebra of G is commutative, the action a on ff°°(G) 
is ergodic [TQl Corollary 3.7]. Hence E a (x) = e(x)l for all x G H°°(G). Then 
h(A(x)) = m{E a (x)) = m(e(x)l) = e(x). Since h and e are faithful normal states 
[TUt Theorem 3.6], we conclude that A is a faithful normal map. 

(2). First we show the G-equivariance of A. Let x G R(G). Then we have 

S(A(x)) =5((m <g> id)(a(x))) = (m <8> id <S> id) ((id ®5)(a(x))) 

= {m® id (8) id) ((a ® id)(a(x))) 

= ((m g) id) o a ® id)(a(x)) = (A® id)(a(x)). 

Next we show the G-equivariance of A. The left invariance of m yields 
(id®m)(An(y)) = m(y)l for all y G R(G). Take any x G R(G) and then 

(id®A)(A fl (a;)) 

= (id ®m <8) id)((id®a)(A jB (a:))) 

= (id®m ® id)((V r G ) 23 (V G )t 2 (l (8) x (8) l)(F G ) 12 (y G )* 3 ) 

= (id®m (8) id)((V G )t 3 (V G )t 2 (V G ) 23 (l (8) x (8) 1)(V G ); 3 (V G ) 12 (V G ) 13 ) 

= \/ G *(id®m (8> id) ((A* <8> id)(a(x)))V G 

= V£((id®m) o A R (8> id)(a(a?))y G 
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= V*(l ® (m ® id)(a(a;)))V G = /3(A(x)). 

□ 

Lemma 4.2. For any x G H°°(G), 0(A(x)) = x. In particular, A is a faithful 
normal *-homomorphism. 

Proof. Let x G H°°(G). By Lemma [4.11 we have 

0(A(x)) = (id®/i)(/?(A(x))) = (id®/i)((id®A)(A Jl (x))) 
= (id®e)(A fl (x)) = x. 

The multiplicativity of A is shown as follows. For any x G H°°(G), we have 

x* ■ x = 0(A(x))* • 0(A(x)) < 0(A(x)*A(x)) 

< 0(A(x* • x)) = x* ■ x. 

Hence we obtain 0(A(x)*A(x)) = 0(A(x* • x)), namely, A(x)*A(x) = A(x* ■ x). 
This implies that A is a *-homomorphism. □ 

We determine the multiplicative domain of 0. 

Lemma 4.3. Set B = A(H°°(G)). 

(1) B is a right coideal with the expectation property and the coaction sym- 
metry. 

(2) The conditional expectation onto B is G-equivariant. 

(3) B coincides with the multiplicative domain ofQ. Moreover, the Poisson 
integral 0: B —>■ H°°(G) is an isomorphism. 

Proof. (1). By the previous lemma, B C L°°(G) is a von Neumann subalgebra. 
Since A is G-G-equivariant by Lemma 14.11 B is globally invariant under the 
actions a and (3. Hence B is a right coideal with the coaction symmetry. Set 
Eb = A o 0. Then by the previous lemma, we see that Eb is a faithful normal 
conditional expectation onto B. For x G L°°(G), we have 

h{E B {x)) = h(A(e(x))) = e(6(ar)) = h(x). 

Hence B has the expectation property. 

(2) . Since and A are G-equivariant, Eb = o A is also G-equivariant. 

(3) . Let T> C L°°(G) be the multiplicative domain of 0. It is easy to see that 
B C T>. We show the converse inclusion. Let Then by definition, we have 
Q(x*x) = Q(x)* ■ 0(x) and Q(xx*) = Q(x) ■ Q(x)*. Applying A to both the sides 
of the equalities, we have Eb(x*x) = Eb{x)*Eb{x) and Eb(xx*) = Eb(x)Eb(x)* . 
This immediately yields that x G B, and B = T>. Hence 0: B — > H°°(G) is a 
faithful normal *-homomorphism. The surjectivity of follows from 0(B) = 
0(A(H°°(G))) — H°°(G). □ 

Lemma 4.4. Let M be a quantum subgroup of G. Then HI is of Kac type if 
and only if the expectation E^_: L°°(G) ^L°°(M \ G) is G-equivariant, that is, it 
satisfies (id®E m ) o (3 = (3 o E H . 
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Proof. For any x G C(G), we have 

(id®E m )(p(x)) = (id®/i H o r H ® id)((id®5)(y G (l ® aOV G )) 

= (id®/* o r e ® id)((F G )t 3 (F G )* 12 (l ® <5(x))(V G ) 12 (\/ G ) 13 ) 
= V£(id<g>fc H <8> id)((Vk)t 2 (l ® (r H ® id)(5(x)))(y H )i 2 )V G . 
This is equal to f3(Ea(x)) = Vq(1 ® -Eh(^))V g if and only if 
(id ®/i H ® id)((V^)I 2 (l ® (r H ® id)(<J(ar)))(V H )i 2 ) = 1 ® (/in® id) (fa ® id)(<S(a;))). 
Multiplying 1 ® 1 £g> y G C(G) from the right, we have 

(id<8>fc H ® id)((y H )t 2 (l ® (rH ® id)(5(x)(l ® y)))(y H )ia) 
= 1 ® (/i H ® id)((r H ® id)(«J(x)(l ® y))). 

Since the subspace 5(C(G))(C ® C(G)) is dense in C(G) ® C(G), we have for all 
xGC(G)®C(G), 

(id®/i H ®id)((y H )* 2 (l® (r H ® id)(x))(y H ) 12 ) = 1® (/i H ®id)(fa®id)(x))). 
More precisely, we have 

(id®V)(T^(l®2)V H ) = ^hW 1 for a11 z G 

This shows that is G-equivariant if and only if the image of the Poisson 
integral of EI consists of scalars. By [T(H Corollary 3.9], it is equivalent to that H 
is of Kac type. □ 

Lemma 4.5. Let K be a quantum subgroup of Kac type in G. Then QoE^ = G. 

Proof. By Lemma [4.41 E^ is G-equivariant. For any x G L°°(G), we have 

Q(E & (x))=(id®h)(P(E K (x))) = (id ®/i) ((id ®£ K ) (/%))) 
= (id®h)(p(x)) = e(x). 

□ 

We prepare the notion of maximality for a quantum subgroup of Kac type as 
follows. 

Definition 4.6. Let G be a compact quantum group. We say that a quantum 
subgroup H of Kac type is maximal if for any quantum subgroup IK of Kac type, 
we have L°° (H \ G) C L°° (K \ G) . 

Lemma 4.7. Let G be a compact quantum subgroup. If there exists a maximal 
quantum subgroup of Kac type, it is unique in the following sense. Let {H, r H } 
and {K, r^} be maximal quantum subgroups of Kac type. Then there exists a 
* -isomorphism 6: C(H) — >C{K) such that r^ = 9 o re. 

Proof. By definition, we have L°°(H \ G) = L°°(K \ G). Then by Lemma EHBl 
we have the desired *-isomorphism. □ 

Theorem 4.8. Let G be a co-amenable compact quantum group. Assume that 
its fusion algebra is commutative. Then the following statements hold. 
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(1) There exists a unique maximal quantum subgroup of Kac type H. 

(2) The Poisson integral 0: L°°(H \ G) ^H°°(G) is an isomorphism. 

Proof. (1). By using Theorem 13.181 Lemma 14.41 and Lemma 14.31 there exists 
a quantum subgroup EI of Kac type such that B = L°°(W \ G). We show the 
maximality of H. Let IK be another quantum subgroup of Kac type. By Lemma 
I4.5[ o £" K = 0. Since Eb = A o 0, we have Eb ° = Eb- Let es be the Jones 
projection associated with Ej&. Then e^eR = es, and hence e^B = It yields 
B C L°°(IK \ G). Hence H is maximal. 

(2). It follows from Lemma [4.31 (3). □ 

Remark 4.9. We have realized the existence of the maximal quantum subgroup 
of Kac type by studying the Poisson integral. However, the notion has been 
already introduced in [20, Appendix A], where it is called the canonical Kac 
quotient. The canonical Kac quotient is the function algebra on the maximal 
quantum subgroup of Kac type. The existence is proved for an arbitrary compact 
quantum group [20j Proposition A.l]. 

4.2. g-deformed classical compact Lie groups. 

We determine the maximal quantum subgroup of Kac type in a g-deformed 
classical compact Lie group (0 < q < 1). In order to do so, we freely make 
use of terminology and results in (15] such as construction of quantum universal 
enveloping algebras, quantized function algebras and so on. 

Let g be a complex classical simple Lie algebra with the simple roots {aj}" =1 . 
We denote by G the corresponding classical compact Lie group [TH Defini- 
tion 1.2.4 of Chapter 3]. Let U q (g) be the quantum universal enveloping algebra 
associated with g [T5], Definition 7.1.1 of Chapter 2]. We equip U q (g) with the 
Hopf *-algebra structure as in [T5J Proposition 1.2.3 of Chapter 3]. We denote 
by W the Weyl group and by Sj the simple reflection with respect to aj. 

For a dominant integral weight A, we denote by L q (X) the irreducible U q (g)- 
module with the highest weight A. Fix an orthonormal basis {£«}r of each weight 
space L q (X)fj, with the weight //. We define ^ G A(G) C U q (g)* by 

C^(x) = (xC,Q iorxeU q (g). 
Then we have A(G q ) = spa.n{C^ r ^s} x^ u ,r,s- On the involution, we have 

where g — (1/2) Yli=i a i * s the Weyl vector and w G W is the longest element. 
Let k and {r t } t€WL be the antipode and the scaling automorphism group of G q 
introduced in §2.11 From (12.51) . and (14.21) . we obtain 

We denote by C(G q ) the C*-completion of A(G q ) with respect to the universal 
norm. Set qi = q( ai < ai ')/ 2 ^ % = l,...,n. Let U qi (su(2)) be the quantized univer- 
sal enveloping algebra of the Lie algebra su(2) with the deformation parameter 

25 



gj. The canonical embedding U q .(su(2)) — > U q {q) induces the restriction map 
rv A(G q ) -> A(S77 9i (2)) H51 Subsection 6.1 of Chapter 3]. Since C(G,) is a 
universal C*-algebra, r« extends to the *-homomorphism C(G q ) — > C(SU qi {2)). 
Take a canonical infinite dimensional irreducible representation 7Tj : C(SU qi {2)) — > 
B(£ 2 ) defined in [15j Proposition 4.1.1 of Chapter 3]. We note that the counit 
£j of C(SU qi (2)) factors through Im(7Tj), that is, there exists a *-homomorphism 
r]i\ Im(7Tj) — >C such that rji o m = e^. Indeed, let p: B(£ 2 ) — >Q be the canonical 
surjection onto the Calkin algebra Q. Let S G B(£ 2 ) be the unilateral shift. By 
definition of 7Tj, we see that p(Im(7Tj)) is a commutative C*-algebra generated by 
a unitary p(S). Take the character u>: p(Im(7Tj)) — > C defined by u(p(S)) = 1. 
Then the character r]i := uo op: Im(7Tj) — >C has the desired property. 

Let {T, r T } be the maximal torus subgroup of G q , where r T : C(G q ) — >C(T) is 
a restriction map. Any one dimensional *-homomorphism of C(G q ) is given by 
71 1 '■= Xt or T, where Xt '■ C(T) — >C is the evaluation at t G T. Then for an element 
» 6 H / \ {e} with a reduced decomposition iu = s ix • • • Sj fe and t G T, we define 

7T tol t = (7ri! o r h <S> ■ ■ ■ <%> 7T ik o r ik <S> n t ) o 8^, 

where SjP : C(G 9 ) ^C(G g )^ fc+1 ) is recursively defined by SjP = {8 Gq ®id® {k ~ 1] ) o 

1 and 5g = 5g 9 - Then 7r W) t is an irreducible *-homomorphism of C(G q ) and 
does not depend on the choice of the reduced decomposition of w up to equivalence 
[T5} Theorem 6.2.1 of Chapter 3]. Every irreducible *-homomorphism of C(G q ) 
is equivalent to some 7r Wtt [TSJ Theorem 6.2.7 of Chapter 3]. 

Lemma 4.10. Let G q be the q- deformation of a classical compact Lie group G. 
Then its maximal quantum subgroup of Kac type is the maximal torus T. 



Proof. Let {H, r H } be a quantum subgroup of Kac type. We will show that 
H is a subgroup of T. Assume that C(H) is not commutative. Then there 
exists an irreducible *-homomorphism p: C(H) — > B(H P ) with dimif p > 2. Set 
7r = p o rn- We may assume 7r = ir Wjt for some element u> G W \ {e} with a 
reduced expression 10 = ■ ■ ■ Si k and t G T. Then we consider the irreducible 
*-homomorphism (id ®??i 2 • ■ •<£!%.) o7T = (tt^ or^ (8)^)0^ = 7r S4 )t , which factors 
through C (H) . Hence we may assume n = p o re = 7r Sj )t for some 1 < j < n and 
i 6 T. Since the scaling automorphism of C(H) is trivial, we have r H o r t = r H 
for all t G M. by Lemma [2.91 Let uij be the fundamental weight for atj. Setting 
A = = cjj and ^ = u* — atj, we have T t {C^ 3 f ) = q^ lt C^ 3 f . Hence 

TuiCff 1 e ) = 0. In particular, 7r s . t(Ce 3 e ) = 0. This is, however, in 

contradiction with ir s . t{Cc 3 f ) 7^ which is shown by direct computation. 

Therefore C (H) is a commutative C*-algebra, that is, EI is an ordinary compact 
group. For x G H, we write f° r the character *-homomorphism. For t G T, 
we also use xj as well. By the above arguments, for any x G EI there exists an 
element t(x) G T such that X^or H = Xt( x ) or f- This shows that the map t: EI^T 
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is continuous. For any x, y G H, we have 

X\ xy) o r T = ° = (x* ® X?) o 5 H o r H = <g> ° (r H <g> r H ) o 5 Gq 
= (Xt{x) ® x7( y )) ° (rr ® nr) o <$g 9 = (x^) ® o 5 T o r T 
= Xtcotfo) ° r T- 

Hence the map t: HI — > T is a group homomorphism. Next we show that t is 
injective. For x G H, suppose that X? ° r e = xj ° r T holds. Since it is equal to 
the co unit e of C(G q ) by Lemma [2.91 we have 

H T H 

Xx ° r M = Xe ° r T = £ = Xe ° r H- 

Hence x — e, and the map t is injective. Since the left action of x G EI is given 
by <o£ o r H ® id) o 5 Gg = ( x J [x) o r T ® id) o 5 Gq , we have L°°(T\G g ) C L°°(H\G g ). 
Therefore T is maximal. □ 

By Theorem 14.81 and the previous lemma, we obtain the following corollary. 

Corollary 4.11. Let G q be the q- deformation of a classical compact Lie group 
G. Then the Poisson integral 0: L°°(T \ G q ) -^H°°(G q ) is an isomorphism. 
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